-
VERITATE ‘"UU'
ET

SYDNEY BOYS HIGH SCHOOL
MOORE PARK, SURRY HILLS

2005

HIGHER SCHOOL CERTIFICATE
ASSESSMENT TASK #1

Mathematics

General Instructions
* Reading Time — 5 Minutes

e Working time — 90 Minutes

Write using black or blue pen. Pencil ma
be used for diagrams.

Board approved calculators maybe used

Each question is to be returned in a sepafjate
bundle.

All necessary working should be shown i
every question.
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Question 1. (Start a new answer sheet(31 marks)

Marks
(@) Giventhatw= J3+i, express the following in the fora+ib wherea andb are 4
real.
@i -iw
(i) w?
(i) w™
(b) If z=1-i find: 4
(i) |7 andargz
(i) z®in exact form
(c) Consider the equation 3
z*+kz+(4-i)=0
Find the complex numbérgiven that2i is a root of the equation.
(d) If z=x+iy prove that 3
4 _
z+ P 2Re(z)
(e) Sketch the locus afsatisfying 4
(i) |z+2|=2
(i) Re(z?)=0
() () Plot on the Argand diagram all complex numtibe are roots ofz °=1. 4

(i) Expressz®-1 as a product of real linear and quadratic factors.
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(9) (i) By solving the equatiorz®+1= 0 find the three cube roots of —1.

(i) Let w be a cube root of -1, whete is not real.
Show thate” +1=w

(iii) Hence simplify (1- ).

(iv) Find a quadratic equation with real coeffidiewhose roots are/ and -w.
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Question 2. (Start a new answer sheet(31 marks)

Mark
(@) Given thatcisd = cosf+i sirg find in exact form a; S
cis - cis”.
12 6
(b)  The equation® + Ax+B =0 (A, Breal) has three real roots [ andy . 9
(i) Evaluatea™+ S ™y *anda®+ % y? in terms ofA andB.
(i) Prove thatA<O.
(i) Find the cubic polynomial whose roots aré, S *andy °.
(¢) Itisgiventhatz=1+i is a zero oP(z) = z*+ pz >+ qz+6 wherep andq are real 4

numbers.
(i) Explain why Z is also a zero d?(2). (State the theorem.)
(i) Find the values op andq.

(d)  Find the number of ways in which six women aixchgen can be arranged in three 5
sets of four for tennis if:

(i) there are no restrictions.
(i) each man has a woman as a partner.

(e) Inthe Argand diagram the poirids A y 6
andB are the vertices of a triangle with

OJAOB =90r and% =2.
OA B

The verticeA andB correspond to the
complex numberg, andz,

respectively. >

Show that:
(i) 2z+iz,=0

(i) the equation of the circle witAB as diameter and passing througis given
by

2=z (3+i)|=%|z,|.
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(0 o

D

The two circles touch @ and a common external tangent touches theBnaaidC.
BA produced meets the larger circleDat

Prove thatCD is a diameter.
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Question 3. (Start a new answer sheet(23 marks)

Marks

(@) In how many ways can three different trophiestvarded to five golfers if a golfer 3
may receive at most two trophies?

(b)  Sketch the region in the Argand diagram comsgstif all pointsz satisfying 4

|argz|<7ZT andz+zZ< 4 anfy> .

(©) () Provethat(l+itang)"+(1-i targ)" = ZCZ(;mH

wheren is a positive integer.

nH’

(i) Hence or otherwise show thft+z)* +(1-z)" = 0 has roots
titanZ andxi tadf
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(d)

In the diagram aboveQ andRS are two chords intersectingtdf and 6
OKPQ =0OKRS=90°.

(i) Copy the diagram onto your answer sheet, inaigahe above information.

(i) Prove that @) [UOPKH =0PQS.

(8) KH produced is perpendicular @5.

(€) If a is areal root of the equatiox +ux+v =0 prove that the other two roots are real *
if 4u+3a®<0.

End of paper.
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Question 1

(a)

w=3+i
() weiffiei]-a-ida

(ii) sz(\/§+i)2:2+i2\/§

p(z): 22+kz+(4—i)
p(2i)=0=(2i) +k(2i)+4-i=0

sS4+ 2ki+4-1=0
s 2ki=i
k=1
2
Z=X+1iy
LIz
2 ff
2
|z
S I+—=72+7Z=2Rez

z

(i) x2+(y+2)2:4
A circle with centre (0,—2) ie -2i and radius 2

¢

(ii) Re(zz):xz—yzzo

2

axi=y
Sy =X




(i)  z°=1xcis(0)
= cis(0+ 2kr ).k € Z
= cis(2k7r)

z= [cis(an)T/5

= cis(ZK?ﬂ} (deMoivre's Theorem)

k=0:
k=1
k=2:
k=—
k=—

z,=cis(0)=1
.(2%)
z, =cis| —
5
. (4m _
z, =cis ?j |Zk|_1
. 271)
z, =cis| ——
5
. 47r)
z, =cis| ——
5

The 5 roots must form a regular pentagon
inscribed in a unit circle.
> | Aswell:

z, and z, are conjugates

A
Zl
|
|
|
T Z -
| 0 z, and z, are conjugates
|
4




(iii)

*=-1
=1x cis(:r)
= cis(7r+ 2k7r),k €L
= cis(2k +1)7r

Z= [cis(Zk +1)75T/3

= cis(2k + 1)z (deMoivre's Theorem)
3

k=0 Z:ciszzlﬁ-ﬁi
3 2 2

k=1 Z:c1s3—n=—1
3

k=-1: ms(—z):l—ﬁl
3 2 2

z3+1=(z+1)(zz—z+1)

0’ =-lw*-1
co3+l=(a)+1)(co2—a)+l)=0
L0 —-w+1=0 ('.'a);t—l)
Lot +l=w

(1—(0)12 = (—a)z)lz (from (ii))

~ 22 +(1)z-(-1)=0 (from (ii))

~22+72+1=0

OR more simply since z° +1= (z +1)(z2 -z +1)

and the three roots of —lare so that z> —z+1=0 must have roots m,—".

Solet y=-z and y*+y+1=0 MUST have roots -, .

2



Question 2
(a) Method 1:

(b)

.o . m ™ ] y
cis— cis— = cis| — + —) , by de Moivre's theorem

12 6 12 6
= cis—,

1 1
-+

V2 V2

Method 2:
T

cis cisﬂ— i:n:us?r+isin?T ccns?rJr:isinﬁ
12 6 12 712 6 6)°

ii.

1i.

m m L, mo, T . . T mo.
=COS—EDS——SIH—SITIE+E- SIHECOS——FCOS—SIH— ,

12 6 12 G 12 6
= COSE-l-’i:SiTlE
. 4’
1
V2 V2
a+F+v=0,
af +ay+ By = A,
affy= —B.
Now L4 Ll.,1_ Brtay+af
a0 v Aaﬁq‘

Also, (a4 B+ 7)% = QQB-I- B2+ 7%+ 2(af + ay + 7).
A+ 32+ = (a+B+9)?% 2B +ay+ 5y),
— 024,
= —24.

Method 1:

A= -1+ 3> ++7).

But o + 2+ >0ifa#£ 3 #£7.
A<0.

Method 2:

P(z) =32+ A.

If A > 0 then P(z) is monotonic increasing so there can be only one real
root. But there are 3 real roots so A < 0.

Put X = 1’
sz = VX
XVX+AJX+B=0,
VX(X +A) = —B,
X(X? 4 2XA+ A?) = B2
New equation is z* + 2A4z? + A%z — B? = 0.



()

(d)

i.

ii.

ii.

ii.

If a +ib is a complex zero of the polynomial P(x) of degree n > 1 with real
coefficients, then a — ib is also a zero of P(x).

Let the roots be a, 1 +1i, 1 — i, then
P2 4pltqz+6=(z—a)(z—-1-i)(z2—-1+1),
= (z—a)(2?2 — 22+ 2),
= 2 — (@ +2)22 + (2a + 2)z — 2a.

Equating coefficients gives a = —3.
P= _(_3 + 2}
=1
g= —6+2,
——

. There are '2C, ways of getting the first group and *C, ways of getting the

second group leaving the third group. As the group order does not matter,

we have —————— = 5775,

There are 5Cy x °Cy ways of getting the first and *Cy x *Cy ways of getting
the second group, leaving the third group. As before, the group order does
(GCQ x 402)2
—— = 1350.

Note that we are not asked to arrange the people within the groups, only
to form the groups.

not matter, so we have

Method 1:
2y = 2iz; (Twice the length and rotated anti-clockwise by 90°),
129 = —22’1:
22 + 2izs = 0.
Method 2:

Let 2y = a+ b,
7y = 2i(a +ib),
= 2ai — 2b.
2z = 2a + 2,
120 = —2a — 2bi.
So 22’1 + iZQ = 0.

Method 1:
Centre — ~* _5 22;
T2 %

= Zl(%-l-i:).



Radius = 3141 — Zg|,

- %|31| |1 - Zil,

— VT2,
X5)z.

|-G+ =%

2’1,.

Method 2:

a—2b 1
a+-ib+2m'.—2|b
2 2

Centre =

a—Qb)z b+2a\°
+ 5 ,
a’ — 4ab + 46 + V* + 4ab + 4a®

]

5a® + 5b2

4
Radius = Va2 + 17,
=7

."’.’1|

2= 23 +9)| = ¢l

(f) Method 1:

Construct the common tangent at A cutting BC' at E.
Join AC'. ~

Let ACE =z, EBA =y.

EC = EA = EB (equal tangents from external point),



ECA=EAC =z (equal angles of isosceles /),
EBA = BAE = y (equal angles of isosceles /),
2z + 2y = 180° (angle sum of AABC),
r+y=90° = BAE, R
CAD = 90° (supplementary to BAE),
CD is a diameter (angle in a semi-circle is a right angle).

Method 2:

Construct the common t-angant- at A cutting BC' at E.
Join AC.
Let ADC =z, CAD = y.
ACD =180° — z — y (angle sum of A),
ECA=1z (angle in alternate segment),
DBC =y—=r (angle sum of A).
EC = FA = EB (equal tangents from external point),
ECA=EAC =z (equal angles of isosceles /),
EBA = BAE = y — = (equal angles of isosceles /),
BAD = 2y = 180° (supplementary angles),
Sy =90°
BCD = 180° — y = 90°.
CD is a diameter (radius L tangent at the point of tangency).



Question 3
(a) Method 1:

Case 1: 3 different golfers receive prizes

5
(3} picks the golfers and then the prizes can be awarded in 3! ways

ie @j x 3!'=60 ways.

Case 2: 1 golfer receives two prizes
Pick the golfer to receive the prize in (15} ways and his prizes in (;} ways.
Then the remaining prize can go to one of the 4 others

-

Total =60 + 60 =120

Method 2:

There are 5° =125 ways of dividing up the prizes with no restrictions.

There are 5 ways in which a golfer can get all the prizes.

So there are 125 -5 =120 ways in dividing up the prizes so that a golfer gets no
more than 2 prizes.

(b) ‘argz‘<% :—%<argz<%

1+7<4 =x<2




(c) (l) LHS:(1+ itant9)n +(1— itan19)n

1438 siné@ l_isme
cos@ cos@
£C089+I5In9j (cosé’—isinejn

cos@ coso

usO] [us( )]n

cos" 6

= clsné + cis(—n@) (deMoivre‘s Theorem)

cos" @
:ZCOSm9 (z+Z:2Rez)
cos "6
=RHS
4 4 2c0s46
i 1+z) +(1-z) = where z=itan0 from (i
(i) (1+2) +(1-2) === 0
(1+2) +(1-2)' =0 22220
cos" 6
cos40 =0
a9=+Z 37
2 2
g=+% +%
8 8



d

Join QS and produce KH to intersect with QS at X.

Join RP
(ii) (o)  PKRH is a cyclic quadrilateral (opposite angles are supplementary)

ZPKH = ZPRH (angles in the same segment)
ZPRH = ZPQS (angles in the same segment)
- ZPKH = ZPQS

(B)  ZPHK + £ZPKH =90° (- ZKPH =90°)
ZQHX = ZPHK (vertically opposite angles)
- ZQHX + ZPQS = 90° (- ZPKH = £PQS)
s ZQXH =90° (angle sum of A)

. KH (produced) L QS



()

If o is a real root of the equation x> +ux+v =0 then a®+ua+v=0

Now x3+ux+v:(x—a)(x2+AX+ B)

x2+ax+(u+a2)

(x—a)>x3+0x2+ux+v
x? — ax?

(x—a)>0+ocx2 + Ux
ax’ —a’x

(x—oc)>0+(u+a2)x+v

(u+a2)x—(u+a2)a

0

-.-v+(u+a2)a:0

x3+ux+v:(x—oc)[x2 +ax+(u+a2)}
With x* + ocx+(u +oc2) =0 to have real roots then
A=’ —4(u+a?)=-30" - 4u =0

~3a°+4u<0
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